Many of mechanical energy absorbers utilized in engineering structures are hydraulic dampers, since they are simple and highly efficient and have favourable volume to load capacity ratio. However, there exist fields of applications where a threat of toxic contamination with the hydraulic fluid contents must be avoided, for example, food or pharmacy industries. A solution here can be a Pneumatic Adaptive Absorber (PAA), which is characterized by a high dissipation efficiency and an inactive medium. In order to properly analyse the characteristics of a PAA, an adequate mathematical model is required. This paper proposes a concept for mathematical modelling of a PAA with experimental verification. The PAA is considered as a piston-cylinder device with a controllable valve incorporated inside the piston. The objective of this paper is to describe a thermodynamic model of a double chamber cylinder with gas migration between the inner volumes of the device. The specific situation considered here is that the process cannot be defined as polytropic, characterized by constant in time thermodynamic coefficients. Instead, the coefficients of the proposed model are updated during the analysis. The results of the experimental research reveal that the proposed mathematical model is able to accurately reflect the physical behaviour of the fabricated demonstrator of the shock absorber.
Introduction
Mechanical energy dissipation is an important task desired in many industry applications [1, 2] . Currently, efforts are given to increase productivity of automated plants and the speed of transportation on production lines. In parallel to increasing the transportation speed, effective means of stopping the objects on the lines are required, which is especially evident in the production processes, where the braking distance is limited due to packaging reasons [3] . The most popular technique is based on hydraulic dampers due to their effectiveness, durability, and favourable volume to force ratio [4] [5] [6] [7] [8] [9] . However, in some applications the utilization of fluid-based devices is undesirable due to the possibility of toxic contamination of the goods being produced, for example, in the pharmaceutical or food industry [10, 11] . In such cases damping solutions based on pneumatics can be applied with chemically inactive gases [10, [12] [13] [14] .
There are known techniques for pneumatic cylindrical shock absorbers used in aeronautical or food industries [10, 15] . However, due to the low viscosity of gases and their compressibility, the energy dissipation efficiency of these devices does not exceed 40%, while the hydraulic dampers are characterized by the efficiency of 80% [5, 15] . There exist a number of patents that propose ways to increase the effectiveness of the cylindrical pneumatic shock absorbers [16] [17] [18] . Most of the solutions are based on a double-stage algorithm of operation. After the initial compression of the gas in the cylinder, a mechanically operated valve releases the medium out of the cylinder to the surroundings. By this way the energy accumulated in the compressed gas is dissipated and the spring-back effect is diminished. These solutions increase the effectiveness of the pneumatic absorbers, but they are limited to a single, strictly defined impact energy. When the impact energy is too low, the absorber does not release the gas at the proper moment and the absorption does not take place. Another disadvantage is related to the fact that the compressed gas is released to the surroundings, which introduces the necessity of refilling the device after each working cycle.
An improved solution considered here is based on introduction of a controlled flow between the chambers in the cylinder via the piston. In this way it is possible to dissipate energy of various magnitudes with the efficiency comparable to hydraulic devices (80%). Moreover, the gas is not released to the surroundings, which allows the device to be operated in a repeatable way. Recent developments in functional materials technology allow us to consider a novel approach to adaptive pneumatic shock absorber with utilization of a piezoelectric material for actuation of the device. A piezoelectric multilayered actuator is applied in a miniature valve positioned in the pneumatic cylinder piston [19] . In this paper we focus on mathematical modelling of the cylindrical pneumatic shock absorber with a controlled flow between the internal volumes.
Mathematical modelling of pneumatic actuators is a demanding task due to the necessity of taking into account the thermodynamic properties of the gas and the nonlinearities present in this kind of mechanical system. The nonlinearities exhibit themselves mostly due to the compressibility of the gas, internal friction, and energy transfer by heat.
Pneumatic systems are typically utilized in three domains of applications: suspensions for vibration isolation, actuation in automatics, and mechanical absorbers. Methods of the modelling are strictly related to the field of application.
Many pneumatic systems for isolation and vibration mitigation are developed for suspension of precise measuring instrumentation [20] , as well as for large structures: seismic protection of buildings or large installations [21, 22] . The principle for these systems is to suspend the protected object on double chamber interconnected pneumatic springs. In these cases the devices are capable of eliminating or limiting vibrations of small amplitudes in comparison to the scale of the entire structure [23] . Since the devices can be assumed to operate in vibration of small amplitudes, several simplifications to the modelling approach can be assumed; for example, many authors investigate pneumatic systems oscillating with small amplitudes around the equilibrium position, which allows them to assume linearity of the mechanical response [24] . The second important physical phenomenon modelled in these pneumatic structures is the gas flow between the internal volumes of the structures, which has a direct influence on the dissipation properties. In many cases it is acceptable to assume a simplified model of the capillary flow based on the Poiseuille model, which is derived for viscous fluid [24] . This model assumes very low mass flow rates of the fluid, laminar flow, and low average velocity of the fluid.
In contrast to the mentioned analyses, the mathematical model of the PAA investigated in this paper must consider the state of the gas and the internal flow between the volumes enforced in the conditions of PAA under large displacements and high velocities. Such a process is nonstationary and includes large deflections of the piston and time-variant subsonic flow through the valve.ż When the pneumatic actuators are to be utilized as actuators in control of applications, the mathematical models tend to be simplified in order to find a linearised version of the plant representation, which allows the further analysis and development of a controller to be based on the classical control theory that operates most efficiently with linear, time invariant plants [25] [26] [27] [28] . In these cases the simplification of the models is an advantage. In contrast to utilization of the pneumatic devices as actuators in automation systems, here we consider them as dampers of energy, and we need to precisely analyse the dissipation process from the point of view of its effectiveness. Therefore, a precise thermodynamic model of the structure is developed.
The thermodynamic systems are commonly described with polytropic relation and an assumption of a constant value of the polytropic coefficient. This coefficient is strongly related to the heat exchange in the system. Therefore, a constant value of the polytropic coefficient can be assumed only if the temperature of the object is stabilized, which was not the case for the considered pneumatic shock absorber.
For these reasons, in this paper we propose a numerical method for mathematical modelling of a cylindrical pneumatic dissipater with a controlled flow between internal chambers where the heat transfer, energy balance, and orifice flow are taken into account and thermodynamic state of gas is updated every calculation step.
The paper is divided into six sections, which are organised as follows. Section 2 introduces the structure of the absorber and the principle of its operation. Then in Section 3 analysis of the system is presented and a mathematical model based on thermodynamic analysis is proposed. Experimental methods and hardware are introduced in Section 4, and in Section 5 the results of an experimental verification are given before the conclusions are stated in Section 6.
Structure and Principle of Operation of the Adaptive Pneumatic Absorber
The conceptual pneumatic adaptive shock absorber is considered as a piston-cylinder device equipped with a fast operated valve positioned in the piston. A schematic structure of the considered device is presented in Figure 1 . In principle, the system is analysed as being able to transfer the mechanical energy of a moving body connected to the piston rod into the internal energy of the gas and then to dissipate it by heat.
The Dissipation Process.
The dissipation process of the external mechanical energy by means of the absorber is conducted within three phases. The first phase is a conversion of the mechanical energy into thermodynamic energy of the gas in the process of a simultaneous expansion and contraction of the media in the two internal volumes of the absorber, and (Figure 1 ). In the subsequent phase, in order to counteract the releasing of the accumulated energy via the spring-back effect, a flow through the piston is allowed in a controlled manner, which results in a spontaneous expansion of the gas within the cylinder volumes. The effect is a decrease of the pressure difference on the piston and a limitation of the reaction force generated by the absorber. The final dissipation phase is the cooling of the gas in the cylinder by heat transfer to the surroundings. The macroscopic effect that is intended to be achieved is an elastoplastic-like response with a controllable level of plastic yielding.
Idea of the Control Algorithm.
The adjustable gas expansion process allows the value of the reacting force to be controlled. The magnitude of the absorbed energy is adapted according to the applied algorithm. The flow process between the volumes is conducted within a period estimated as several milliseconds for the analysed range of impact velocities (up to 5 m/s). Technically it is possible to realize such a task by employing a fast operated piezoelectric valve. With this technique, it is possible to control the absorption process by adjusting the level of the mechanical energy dissipated by the system and to control the deceleration and forces acting on the protected objects.
The control algorithm for the considered dissipative adaptive system based on the absorbers can be designed to respond adequately to a wide spectrum of excitations. For the analysed conceptual, one-dimensional adaptive absorption system the process is based on three-stage operation. During the first stage, the energy of the moving object is estimated with a system of electronic noncontact sensors in a few milliseconds before the impact event. The task can be performed with a real-time system for velocity determination [29] or more advanced systems devoted to mass identification [30] . After the magnitude of the energy to be dissipated is determined, the mechanical energy of the object is converted into an increase of the enthalpy of the gas in the absorber. In the third stage, an electronically controlled process of the accumulated energy dissipation is conducted via a thermodynamically irreversible process of spontaneous gas expansion between the internal chambers of the absorber. This process was monitored and controlled by means of electronic pressure and temperature sensors positioned in the absorber cylinder. The piezoelectrically driven valve is used to adjust the process of the gas expansion and therefore to maintain the magnitude of the converted energy on a predefined level in accordance with the piston position. The algorithm is implemented in a dedicated control module that is provided with signals related to the pressures and temperatures levels in the chambers.
The presented configuration of the absorber enables us to generate the reaction force on a desired level in dependence on the magnitude of the energy to be dissipated. Therefore, the device can be considered as adaptive.
Mathematical Model of the Pneumatic Shock Absorber
In order to properly reflect the mechanical response of the system, it is analysed in terms of the mechanical and thermodynamic processes. The analysis is divided into three sections devoted to dynamics of the piston treated as a rigid body, thermodynamics of the gas in the absorber chambers, and gas flow through the valve. Two control volumes are distinguished inside the absorber, and , as depicted in Figure 2 .
Forces Acting on the Piston Treated as a Rigid Body.
The total force equilibrium of the piston can be defined as
where the symbols are denoted as , external excitation; , force resulting from pressure in chamber ; , force resulting from pressure in chamber ; , force resulting from ambient pressure; , friction force; , displacement of the piston; , , gas temperatures in corresponding volumes;
, mass of the gas in volume ; , mass of the gas in volume .
The forces acting on the piston can be formulated as Mathematical Problems in Engineering
where the following symbols are used: , , gas densities in chambers and ; 1 , effective piston area; 2 , area of piston rod radial cross section; , ambient pressure; , friction coefficient.
Thermodynamics of the Gas in the Absorber Chambers.
The thermodynamic processes in the cylinder are described with energy balance equations for the chambers: and , the gas state equation and the relations governing the compressible fluid flow through the applied valve. The following assumptions are introduced during the analysis.
Ideal Gas Law.
The gas filling the volumes and is dry nitrogen, which is operated in the temperature above 200 K. Therefore, the assumption of the ideal gas is approved to be valid as the state of the gas is not approaching the critical point:
Uniform-State, Uniform-Flow Process.
Volume of the absorber chambers and the speed of sound determine the time necessary for the gas to reach the uniform state. Since the considered chambers have dimensions of the order of 0.1 m and the speed of sound in normal conditions is approximately 340 m/s, the time it takes for the gas to reach a uniform pressure is negligibly small. Furthermore, the gas is assumed to mix instantaneously in the chambers, so the fluid is described by a uniformly distributed temperature in each chamber. The further assumptions regarding the gas dynamics are formulated as follows:
(i) the state of the mass entering the valve is constant within the time steps and uniform over the volume of the valve where the flow occurs;
(ii) the state of the mass within the control volumes can change with time, but at any instant of time the state is uniform over the entire control volume;
(iii) the changes in the kinetic energy of the gas are negligible;
(iv) the inertia and gravity forces of the gas are negligible.
Thermodynamic Processes Assumption.
During the operation of the absorber, the gas is simultaneously compressed and decompressed in the chambers separated by the piston. The processes that take place cannot be defined clearly as isothermal or adiabatic, since the expected rate of the process varied in dependence on the work conditions. For low velocity operations the processes can be treated as close to isothermal, since in such a case there is enough time to release the energy by heat from the gas and its temperature can be assumed to remain unchanged. Otherwise, during a fast process the time is too short for the energy transfer of a significant magnitude to occur and therefore the process can be treated as adiabatic. In between the mentioned cases the process can be assumed to be polytropic:
where is pressure, is volume, and is polytropic coefficient. Adequately, = 1 for an isothermal process and = 1.4 for an adiabatic process.
In the analysed case, the model being developed is expected to reflect the behaviour of the absorber under a wide range of operational conditions and to be valid irrespective of the piston kinematics. For that reason, it is not adequate to describe the gas processes with the polytropic model with a constant parameter .
Therefore, within each discrete time step of the computation, the state of the gas in the control volumes is calculated in the following manner: first, the gas is assumed to change its state adiabatically ( = = 1.4) and then the gas state parameters are recalculated based on an analysis of the internal energy balance with the heat exchange and the mass exchange between the chambers taken into account. That approach allows us to update the final state of the gas.
During each time step the following analysis is conducted:
(i) determination of the gas state change due to the volume change on the basis of the adiabatic model, (ii) determination of the internal energy of the gas, (iii) determination of the heat exchange between the control volume and the surroundings (with the actual area of the cylinder walls interfacing the gas computed), (iv) determination of the energy balance in the control volume with the mass and heat exchange taken into consideration, (v) recalculation of the gas state parameters on the basis of the energy balance equation.
This method allows us to account for the changes in the thermodynamic processes in time and therefore to reflect the polytropic-like process in dependence on the operating conditions.
The assumption of the ideal gas allows us to calculate the thermodynamic state parameters as
where 1 is the initial volume of chamber , 1 is the initial pressure in chamber , 1 is the initial temperature in chamber , and is the adiabatic coefficient.
Also,
) ,
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Mass Continuity and Energy
Balance. For case of a general volume with the uniformity assumptions, the mass continuity equations for volumes and take, respectively, the following forms:̇+̇−̇= 0,
where is the mass of the gas in the control volume , is the mass leaving the control volume , anḋis the mass entering the control volume . The symbols with the subscript denote the same quantities in volume .
The energy balance in the control volumes can be stated as [31] ̇+̇ℎ
wherėis the heat transferred to the control volume , ℎ is the specific enthalpy of the gas occupying control volume , is the work done by the gas in the control volume , and is the specific internal energy of the gas in volume . The symbols with index describe the same quantities related to volume .
The values oḟanḋdepend on the difference between the temperatures of the gas in the respective control volume and the surroundings, the area of cylinder walls that the gas is in contact with, and the material constants,
where ( ) is the area of cylinder being in contact with gas in volume , is the heat transfer coefficient, and ( ) is the ambient temperature. The symbols with index describe the same quantities related to volume .
According to the continuity principle, the mass of gas leaving the control volume is equal to the mass of gas entering the control volume and vice versa: 
Let us denote the transferred mass of gas aṡ
The specific enthalpies ℎ and ℎ of the gas in the volumes and , respectively, are different in general. Therefore, when the assumption of the isenthalpic flow through the valve holds true, the specific enthalpy of the gas transferred between the volumes depends on the flow direction, and it is equal to ℎ = , when the gas leaves volume , ℎ = , when the gas leaves volume ,
where is the specific heat of the gas at the constant pressure.
In the considered range of temperatures between 200 K and 400 K the specific heat of the gas is assumed to be constant.
The work done by the gas is defined for the particular control volumes aṡ=
Mass Flow Rate through the Valve.
The valve is assumed to operate in a bistable, on-off mode. In the opened position the mass flow ratė (16) 
The flow is assumed to be an adiabatic process (there is no heat exchange between the gas and the walls of the valve but the mechanical losses are considered [19] ). The flow losses are described with the discharge coefficient treated as a characteristic design parameter of the valve [32] . In accordance with the throttled flow theory [31, 32] , the flow is assumed to be choked when the Mach number Ma is close to 1. The mass flow rate of the gas exchanged between the chambers can be thus expressed in the form [19] 
where is the cross section of the flow duct, is the isentropic coefficient, and is the gas constant. 
Governing Equations.
By substituting (18) and (10) to the equations of energy balance (11) , and taking into consideration (14), (15), and (17), the internal energy of the gas in the control volumes and can be calculated as follows: 
Control Algorithm.
The control procedure for the pneumatic adaptive shock absorber is aimed at maintaining a predefined level of difference between forces (2) and (3) acting on the piston. The pressure of the gas has a direct impact on the reaction force generated by the absorber. The valve opening control function has the following form:
Mathematical Problems in Engineering 
Experimental Program
The data required to verify the proposed method of modelling is acquired by means of a small scale device. The considered concept of the adaptive pneumatic absorber is demonstrated in laboratory scale with a demonstrator presented in Figure 3 . The device is designed in dimensions: 32 mm diameter, 300 mm length, and 100 mm stroke, which allowed it to dissipate the energy of 40 J per stroke.
The demonstrator is a piston-cylinder device equipped with a valve positioned in the piston. In order to ensure the adequately short time response of the system, the valve is activated with a piezoelectric stack. The closed loop control system of the demonstrator is fed with signals from two pressure and two temperature sensors positioned within the absorber housing as depicted in Figure 4 .
The testing campaign of the absorber is conducted by means of a hydraulic excitation system. The system consists of an electronically controlled servohydraulic actuator (MTS 242.01 actuator, Eden Prairie, MN, USA), positioned horizontally in line with the tested adaptive absorber ( Figure 5 ). The actuator-absorber connections are realized via cup-andball joints in order to prevent the transmission of bending moments and shear forces into the structure of the tested specimen. The actuation system enables us to examine the absorber under periodic axial loading with the displacement reference signal.
The complete experimental stand is depicted in Figure 6 and consists of (i) adaptive absorber, (ii) pressure transducers, (iii) electronic control unit, 
Electronic Control Module and Control Algorithm Realization.
The proposed control algorithm is realized in laboratory conditions with an intentionally designed and fabricated control system that operates in closed loop. The system consists of a microcontroller, a power supply for the piezoelectric valve, and a set of transducers ( Figure 7 ). The control of the reaction force in the absorber is achieved through the use of the feedback loop that is composed of (i) control module, the circuit with the microcontroller unit (MCU),
(ii) voltage supplier, (iii) voltage relay, the circuit adjusting the driving signal according to the specific characteristics of the piezoelectric stack in the valve.
MCU peripherals include analog to digital converters (ADC) that in the assembled system are connected to the outputs of the pressure transducers. On the basis of the pressure measurements, the forces acting on the piston are computed in the MCU (denoted by LPC 1769 in Figure 7 ). The calculated values act as the input signals for a Pulse Width Modulation (PWM) control algorithm, which operates the valve in a bistable mode. The PWM output is amplified by means of the voltage relay and feed to the piezoelectric actuator. The algorithm implemented in the MCU is presented in Figure 8 . Every time step of operation, the following routine is executed: after the interrupt request comes from the PWM clock, the most recent ADC conversion result is stored in the variables representing pressure values inside the cylinder (see Figure 8 ). In the subsequent steps of the interrupt handler, the force coming from the gas acting on the piston is calculated and checked if it is positive or negative. Then it is compared to the two previously defined limits UPPER LIMIT and LOWER LIMIT , which define the reference range for the desired force level.
Results
The data acquired during the experimental tests are compared to the results coming from the numerical simulation. The comparison is conducted for several operational conditions of the absorber in accordance with a defined testing program. The principle aim of this task is to verify the proposed mathematical model versus the experimentally obtained data. The parameters of the numerical model utilized in the example analysis are summarised in Table 1 .
The conducted verification campaign has three objectives: first, to reveal the advantage of the proposed method of modelling in comparison to a model with a constant value of the polytropic coefficient; second, to exhibit a proper response of the model under various conditions of excitation; third, to prove the correct reaction of the model to a change of control input signals.
A comparison between the response of the proposed model and a one with a constant value of the polytropic coefficient is depicted in Figure 9 . The presented results are obtained for a sinusoidal displacement excitation with and excitation frequency = 20 Hz. The modelling results prove that the proposed model with adapted polytropic coefficient is able to reflect the absorber behaviour with a significantly increased accuracy. The second part of the verification is devoted to proving the method of modelling the PAA under varying excitation conditions. The absorber is excited with sinusoidal signals of frequencies 10 Hz and 20 Hz and amplitude 0.04 m, which, respectively, lead to the excitation velocities 0-0.25 m/s and 0-0.5 m/s. As it is depicted in Figure 10 , the proposed method of modelling allowed the mechanical response of the PAA to be reflected with minor discrepancy.
The third part of the experimental verification is aimed at proving that the proposed model is able to accommodate also a variety of control signal inputs and initial internal pressure levels. Figure 11 
Concluding Remarks
In this paper a method for mathematical modelling of an adaptive pneumatic absorber is presented. The absorber is a new conceptual device that might be utilized in various fields of application and therefore, from the design point of view, it is crucial to develop a reliable numerical method for reflecting its physical behaviour. The presented method of modelling with recalculation and updating of the polytropic coefficient every time step proves to be effective in reflecting the mechanical behaviour of the PAA. An advantage of the presented method is its simplicity and the relatively small demand for computation resources in comparison to the CFD methods of modelling. Therefore, it can be successfully utilized as a complementary simulation tool to the CFD approach. The model can be used for simulation of extended dynamic systems containing Pneumatic Adaptive Absorbers. 
